We have developed a method based on transmission matrices that allows us to compute the emission spectrum of arbitrarily complicated semiconductor laser structures below and above threshold. These can include active and passive periodic or uniform sections. As examples, we compute the emission spectrum of a normal Distributed Feedback (DFB) laser, a DFB laser with a X/4 phase shifter, and a surface-emitting Distributed Bragg Reflector (DBR) laser. We also discover some interesting features of the spontaneous emission in a periodic waveguide. These can be used to measure the coupling coefficient in a DFB laser with a 7J4phaseshifter.
Introduction
Distributed Feedback (DFB) lasers are now widely used in long-distance communication systems because of the need for a single-mode operation and a high side-mode suppression ratio (35 to 40 dB). To obtain high suppression ratio, it is important to know how the various parame ters of the laser are going to influence the emission spectrum. Distributed Bragg Reflector (DBR) laser structures are now widely studied to make frequency tunable lasers and are also used for vertical-cavity surface-emitting lasers. In both these cases, it would be desirable to be able to compute the emission spectrum.
In this paper, we will show how to compute the emission spectrum of these lasers without having to resort to numerical integration as was the case in the paper by Soda and Imai [1].
Because we use a model that considers the laser as an amplifier driven by spontaneous emission, our method is valid below, at and above threshold, as long as there is no spatial hole burning, since we will assume a uniform gain in each section of the devices we consider.
We will start by showing in section 2 how we can extend the usual transmission matrices theory to take into account sources that are in the structure we are analyzing. This allows us to apply this theory to lasers, which was not possible with the usual form of the transmission matrices technique. In section 3, we will give a brief summary of the theory of eigenmodes in a periodic structure, which is an alternative to coupled mode theory. The advantages of of one theory over the other have been the subject of some discussions [2, 3] . In this paper, we will show in section 4 that eigenmode theory has the advantage that it can be incorporated in a transmission matrices formalism (and it will also allow us to avoid numerical integrations when we compute the spectrum of a laser). In section 5, we compute the coupling of the spontaneous emission to the eigenmodes. This then allows us to find how to compute the emission spectrum of a DFB laser in section 6 and show the result on an example in section 7. We will then show (in section 8) how to extend the method to compute the spectrum of an arbitrary structure and we will illus trate it with a DFB laser with a A/4 phaseshifter(in section 9) . In section 10, we will briefly dis cuss some features of the emission spectrum of a X/4 DFB laser that show the effect of the periodicity of the waveguide on the spontaneous emission. Finally, in section 11, we will extend the previous results to DBR lasers and take as an example a surface-emitting DBR laser.
Transmission matrices with sources
Usual transmission matrices (such as in Yariv and Yeh [4] ), relate (see Fig. 1 (2) where LR =T and A$ and £3 are the amplitudes of two power orthogonal modes at z3 (not necessarily the same modes as at Zj or z^). Now, if we have a source at z3, this source would add to the amplitudes of the modes at that position, so that the first equation in (2) (7,21^11~7,11^2l )^A+(7,U^'22~7,21^12)«S!fiJ (5) As an example of this technique, let us take a Fabry-Perot type cavity (Fig. 2) VPrs 0 ' != R3 N2 P2 = 0 e-J*\ T3 ' T3 (7) wherethe R; and7*,-are the reflection and transmission coefficients of the mirrors defined in Fig.   2 and
where T is in general a 2 x 2 complex matrix and is a function of wavelength. The matrix T is always unimodular (i.e., its determinant is one).

Now, let us see how we can introduce a source at a position Z3 between zx and z2. We can always decompose (1) into two equations, one for the transmission from z\ to z3 (with a matrix
R) andone forthe transmission from z 3 to z2 (with a matrixL ). This gives us:
A1 -f-[L11 $A~L12$BJ 82= f [
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Using this with (5) and (6) , we get then: [6] (12) where L=Zi~z2. From the continuity of the tangential electric and magnetic fields, we can compute the reflection and transmission coefficient between a uniform and a periodic regioa Appendix A gives these coefficients (which are derived in [5] and [6] ).
Simple DFB laser
We can now consider a simple DFB laser, which has exactly the same structure as the Fabry-Perot laser in Fig. 2 7- Then, by the same method as for theFabry-Perot [i.e., by using(5)], we get:
where we used the fact [easily obtained from (12) 1 that DbM=Db.l3Db22 (15) Now, one has to be careful aboutthe meaning of SA andSB in this formula. They are the ampli tude of the eigenmode of the periodic medium due to a source at position z3. This means that we have to compute the coupling coefficient between the source and the eigenmodes before we can compute the emission spectrum. This is what we are going to do in the next section. When that is known, we will use the result to obtain a relation between the power emitted by the source and the output power (as a function of wavelength). Then we will sum over the source position (i.e., integrate over z3), which we will be able to do analytically.
To conclude this section, let us notice that there are several other ways to obtain the result (14). One of them is to sum the geometric series obtained by adding all the possible reflections, as one would do with a normal Fabry-Perot laser. Another one is to add eigenmode amplitudes in the cavity as unknowns and obtain a system of equations relating these to the sources and the out put fields. This system can then be solved and gives (14) again. The transmission matrices method is used here because its generalization is more straightforward than the other methods.
Extension of Petermann's method for spontaneous emission coupling
In this section, we will compute the coupling between a source in a periodic waveguide and the two longitudinal eigenmodes corresponding to the fundamental transverse mode. The method we use is derived from the method of Petermann [71, but we extend it to take into account the periodicity of the waveguide. In this paper, we will treat only the simple case when the periodi city has even symmetry, but the theory can easily be extended to any shape of grating (see [6] ). 
where/ and /^are the current anddipole lengthof the source, respectively.
We will assume that the solution for z >zp can be written with the forward part of (17) (i.e., in jD+1) and the solution for z <zp can be written with the backward part (in D_{).
Expressing the field continuity at zp gives us: 
And if we integrate equation (19) from z =zp -0 to z =zp +0,we obtain:
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JjFo2 dx dy
By solving the system of equations (22) and (23), we obtain the coefficients: 2 jJF$ dx dy (l+se*j2KBZp)e*rZp T+(r+j2KB)sz+2s (T+jKB)cos(2KBzp) Some signs in the result differ from the corresponding result in [6] because of an incorrect way (in [6] ) of setting up the continuity equations (20) 
Emission spectrum of a simple DFB laser
We are now nearly ready to compute the emission spectrum of a DFB laser. For simplicity, we will compute the output power through one facet only (the power through the other one is computed in the same way). So, we substitute (25) in the first equation of (14). By looking at Appendix A, (14) and (25) 
JjF02 dx dy
Now, in this model we will assume that the waveof amplitude A i has the same transverse mode profile as the field in the cavity (a reasonable approximation). We can then find the total output power (for that facet) by integrating the Poynting vectorover the cross-section:
om 2g)Ho jj where k0 is the free space wavevector amplitude (=2jtA). And the total power radiated by the dipole is given [8] by:
_A/^©2« (7 lh (m **-\^"isr~(28)
where n is the refractive index of the active region.
We can now find the ratio between the power radiated by the dipole and the output power (one facet) as: Figure 3 shows the emission spectrum calculated with (36), assuming no spectral dependence of the gain and the spontaneous emission rate. Three curves are shown, corresponding to three different values of the amplitude gain.
If the facets are not anti-reflection coated, the spectrum is going to be a function of the phase of the grating at the facets (i.e., a function of Zj and z2 and not only a function of L). As an illustration, Figure4(a) shows the spectrum of the same laser,but withno coatings, with z2=0
(the facet is at a point of even symmetry of the grating). The lowest threshold mode is then at 1.5262 nm, with a threshold amplitude gain of10.635 cm'1. Figure 4 (b) shows the spectrum of the same device, but with z2= 100 nm. In that case, the main mode is at 1.5295 |im, with a thres hold amplitude gain of 8.896 cm'1. This illustrates once again the problem ofmode control for simple DFB lasers: with anti-reflection coating, there are two degenerate modes and without anti-reflection coating, the phase of the grating at the facet has to be controlled very accurately (within 25 nm), which is nearly impossible. This is why people are using more complicated structures such as DFB lasers with a X/4 phase shifter, which we will see how to analyze in the next section.
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General DFB structures
To compute the emission spectrum ofa multisection DFB laser such astheDFB with a X/4 phase shifter is basically very simple. The calculation for each section is exactlythe same as for the simple DFB laser, except that Tx and T2 (the two transmission matrices at each end of the periodic section) are replaced withmorecomplicated matrices accounting for the rest of the struc ture.
To make it easier to perform the summationover all the sources in the same periodic sec tion, let us reformulate (4). Assume that there are n periodic sections in which there is spontane ous emission. We must use a different coordinate system in each section (since the origin has to be at apoint ofeven symmetry). Each section will go from z^} to z^. For asource in section i at z^' \ we can write: where T is independent of i, since it represents the whole structure. Now, by going through the same sequence of steps as in section 4, we will be able to obtain '/^(X), the power coupling factor for section (i). And the total output power spectral density will then be given by:
where PQ\X) is the total spontaneous emission spectral power density for section i. 
From this, we see immediately that the threshold condition (42) is here D =0, which means (after cancellation of the factors between square brackets in Appendix B):
a-R4R5e2rLWH\-RlR6e2rLa')-RlR4T5T6e2r<f-m+La>=0 (45) And, using (40) and (41) In Figure 6 , we show the calculated spectrum for two values of the amplitude gain (5 and 
cm'1). Notice that the two peaks on either side ofthe main mode do not correspond to the next modes (we will discuss this in the next section
Spontaneous emission in a periodic waveguide
In Figure 6 
\T+(T+j2KB)s2\2
and that factor arose in section 5, when we computed the coupling to the waveguide. Figure 7 shows S for the same device and two same values ofthe amplitude gain as in Figure 6 .
To understand physically why this is happening, we must remember that cavities can
influence spontaneous emission because they modify the spectral density of electromagnetic modes available [6] . Indeed, Fermi's Golden Rule: [9, 10] Actually, all we haveto do is take the result we got for the periodic case and eliminate the periodicity, i.e., take K=0. This gives us then s =0and T= (g -j p) = (g -j neff kQ). We get then, instead of (41): As an example of DBR laser, let us take a typical surface-emitting structure such as the one shown in Figure 8 (similar to the one in [12] In Figure 9 , 
Wfi =2£\<f\H'\i>\2pf (47) says that the transition rate is proportional to pf is the density offinal states (//' is the interaction Hamiltonian). In this case, what we have is not really a change of the total spontaneous emission rate, but a modification of the spectral and spatial distribution of the modes and thus of the spon taneous photons (as in
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